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SUMMARY 
Two approaches t o  c a l c u l a t e  t u r b u l e n t  v o r t i c a l  f l ows  over  d e l t a  wing 
c o n f i g u r a t i o n s  a re  i l l u s t r a t e d .  The f i r s t  i s  f o r  a  s imple d e l t a  wing a t  low 
speeds us ing  the  boundary l a y e r  approx imat ion t o  t r e a t  t h e  e f f ec t s  of t h e  
secondary separat ion.  The second i s  f o r  t h e  supersonic case of a  gener ic  
f i g h t e r  u s i n g  t h e  NASA Ames parabo l i zed  Navier IStokes method. Tes t l t heo ry  
comparisons a re  g iven  i n  bo th  cases. 
The concept o f  c o n t r o l  l e d  separat ions due t o  D. ~bchemann ( r e f .  1) p lays  
an impor tan t  r o l e  i n  t h e  h i gh  l i f t  performance o f  advanced combat a i r c r a f t .  
Here t h e  sharp l e a d i n g  edges o f  t h e  h i g h l y  swept wing r e q u i r e d  f o r  supersonic 
performance a re  pa r l ayed  i n t o  produc ing s t a b l e  l i f t - g e n e r a t i n g  leading-edge 
separa t ion  vo r t i ces .  Such v o r t i c e s  can f u r t h e r  serve as t h e  base f o r  a  
p o t e n t i a l l y  power fu l  fas t - response c o n t r o l  system. 
I n  t h e  f o l l o w i n g ,  two cases o f  t u r b u l e n t  v o r t i c a l  f l ows  a re  ca l cu la ted .  
I n  t h e  f i r s t ,  t h e  low-speed f l o w  over a  s lender  f l a t  p l a t e  d e l t a  wing a t  a  
l a r g e  angle o f  a t t a c k  i s  considered, Here t h e  f l o w  separates a long  t h e  sharp 
l e a d i n g  edges fo rming  t h e  fami l i a r  pr imary separa t ion  v o r t i c e s .  T h e i r  e f f e c t ,  
t o  a  good approximat ion, can be t r e a t e d  by an i n v i s c i d  theory .  The p r imary  
v o r t i c e s  i n  t u r n  impress an adverse pressure g rad ien t  on t h e  upper surface 
boundary l a y e r  caus ing i t  t o  separate when t h e  angle o f  a t t a c k  i s  s u f f i c i e n t l y  
l a rge .  The consequence o f  these secondary separa t ions  i s  t o  suppress s i g n i f -  
i c a n t l y  t h e  s u c t i o n  peaks generated by t h e  p r imary  v o r t i c e s .  Our o b j e c t i v e  i s  
t h e  c a l c u l a t i o n  o f  t h e  displacement e f f e c t s  o f  t h e  secondary separat ion,  
coup l i ng  t h e  3D i n t e g r a l  boundary l a y e r  method w i t h  t h e  leading-edge vo r t ex  
panel  method. The problem t h a t  must be reso lved  i s  t h e  p roper  f o rmu la t i on  
(and s o l u t i o n )  o f  t h e  boundary l a y e r  problem and i t s  convergent coup l ing  w i t h  
t h e  i n v i  s c i  d  problem. 
I n  t h e  second case, t h e  supersonic f l o w  over  a  gener ic  f i g h t e r  (Model 
-350) a t  l a r g e  angles o f  a t t a c k  i s  considered, Here a s i g n i f i c a n t l y  more 
complex system o f  separa t ion  v o r t i c e s  a r i s e s  which i s  shed f rom t h e  wing and 
fuse lage nose, For  t h i s  complex f l o w  t h e  boundary l a y e r  approach used i n  t h e  
f i r s t  case i s  no l onge r  expedient.  The f l o w  i s  t r e a t e d  g l o b a l l y  us i ng  t h e  
parabol  i z e d  Mavier/Stokes (PNS) equat ions w i t h  a m i x i ng  l e n g t h  tu rbu lence  
model, 
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THE BOUNDARY LAYER LIMIT LOW-SPEED DELTA WING* 
The 30 i n t e g r a l  boundary l a y e r  method used was developed by t ,  Wigton 
( r e f ,  3) and i s  e s s e n t i a l l y  t h a t  o f  P, D. Smith ( r e f ,  4) .  Here t h e  p l ana r  
Green's l a g  e n t  r a i  nment equat ions a r e  embedded i n t h e  s t  r e a m i  se d i  r ec t i on ,  
and t h e  t r ansve rse  equat ions are d e r i v e d  assuming Mager's c ross - f  low v e l o c i t y  
p r o f i l e .  The r e s u l t i n g  system o f  equat ions i s  composed o f  f o u r  f i r s t - o r d e r  
p a r t i a l  d i f f e r e n t i a l  equat ions c o n t a i n i n g  s i x  unknowns, It must be presumed 
t h a t  these equat ions become f u l l y  determinate when coupled t o  t h e  equ i va len t  
i n v i s c i d  f l o w  problem. Since i t  i s  d i f f i c u l t  t o  so l ve  t h e  problem i n  t h i s  
g l o b a l  fo rmu la t ion ,  t h e  s o l u t i o n  i s  sought by an i t e r a t i v e  procedure c o u p l i n g  
t h e  boundary l a y e r  and i n v i s c i d  f lows.  
The r e s u l t i n g  boundary l a y e r  problem i s  made determinate by ass ign ing  t h e  
values o f  two o f  t h e  s i x  unknowns. The cho ice  o f  t h e  two i n p u t  f unc t i ons  must 
be such t h a t  t h e  r e s u l t i n g  boundary l a y e r  problem can be so lved  e x p e d i t i o u s l y  
f o r  t h e  separated case and t h a t  a  convergent coup l i ng  w i t h  t h e  i n v i s c i d  f l o w  
can be achieved i n  a  systemat ic  fash ion.  We s h a l l  use t h e  d i r e c t  f o rmu la t i on  
o f  t h e  boundary l a y e r  problem where t h e  i n v i s c i d  su r f ace  v e l o c i t y  components 
a r e  used as inpu ts .  By t h i s  cho ice  t h e r e  i s  a  d i r e c t  i n p u t / o u t p u t  compati- 
b i  l i t y  between t h e  boundary l a y e r  and i n v i s c i d  f l o w  problems, The r e s u l t i n g  
s e t  of equat ions i s  f u l  l y  hype rbo l i c  p e r m i t t i n g  a  f i n i t e - d i f f e r e n c e  marching 
when t h e  i n i t i a l  data l i n e s  a re  space- l ike,  l r re l i m i t i n g  and i n v i s c i d  sur face  
s t reaml ines  form two o f  t h e  f o u r  c h a r a c t e r i s t i c s  which de f ine  t h e  domain of 
dependence, 
F o r  t h e  problem o f  t h e  secondary separa t ion  f o r  t h e  d e l t a  wing, we s h a l l  
use t h e  x  = cons tan t  l i n e s  ( x  i s  i n  t h e  streamwise d i r e c t i o n )  which a re  p roper  
i n i t i a l  data l i n e s .  The i n i t i a l  da ta  t o  be assigned a r e  n o t  known i n  advance 
and must be determined by a  "march/step back" procedure assuming t h e  f l o w  i n  
t h e  w ing  apex reg ion  t o  be con ica l .  Once t h e  i n i t i a l  da ta  a re  es tab l i shed ,  a 
streamwise f i n i t e - d i f f e r e n c e  marching i s  c a r r i e d  ou t  u s i n g  a  f i r s t - o r d e r  ex- 
p l i c i t  d i f f e r e n c i n g ,  b i a s i n g  t h e  l a t e r a l  d e r i v a t i v e s  t o  cover t h e  
c h a r a c t e r i  s t i  c  domain o f  dependence. 
Fo r  severe ly  separated cases (H 2 2.5) an i 11-condi t i o n i n g  o f  one of 
Green's equat ions a r i s e s  caused by t h e  d e r i v a t i v e  of t h e  fo rm f a c t o r  f u n c t i o n  
R = R(R1) becoming very l a r g e  ( r e f .  5) .  Th is  i l l - c o n d i t i o n i n g  has been e r r o -  
neously a t t r i b u t e d  t o  t h e  appearance of  separa t ion  w i t h  i t s  envelope o f  
l i m i t i n g  s t reaml ines  as w e l l  t o  t h e  Go lds te i n  s i n g u l a r i t y ,  b u t  i t  i s  c l e a r l y  
due t o  t h e  Fl = R(R1) model ing r e q u i r e d  f o r  t h e  c losure .  The ill- 
c o n d i t i o n i n g  can be c i  rcumvented by r e c a l  l i n g  t h a t  severe ly  separated boundary 
l a y e r s  assume an e q u i l i b r i u m  s t a t e  whereby t h e  form f a c t o r  fl i s  g iven d i r e c t l y  
i n  terms o f  t h e  pressure g rad ien t  ( r e f .  6) .  The e r r a n t  d i f f e r e n t i a l  equa t ion  
i s  then rep laced by b lend ing  i n  t h e  e q u i l i b r i u m  f l o w  as t h e  i l l - c o n d i t i o n i n g  
a r i ses ,  Such l a r g e  values o f  fl occur  f o r  example i n  t h e  shock-induced and a f t  
separa t ions  a r i s i n g  i n  t h e  t h e  t r a n s o n i c  f low over swept wings, bu t  t hey  w i l l  
no t  a r i s e  i n  t h e  present  case o f  t h e  low-speed secondary separat ion.  
For  t h e  low-speed case considered, t h e  leading-edge v o r t e x  panel method i s  
used f o r  t h e  equ i va len t  i n v i s c i d  f low,  Here t h e  leading-edge sepa ra t i on  
v o r t i c e s  a re  paneled as a  p o t e n t i a l  v o r t e x  sheet, and t h e i r  l o c a t i o n s  a re  
determined by an i t e r a t i v e  procedure, S ince t h i s  panel method d i d  n o t  have 
p r o v i s i o n s  f o r  v iscous t r a n s p i r a t i o n  v e l o c i t i e s ,  t h e  upper su r f ace  viscous 
displacements were ha lved  t o  approximate a  wing camber change, 
The f i r s t  case cons idered was a  f l a t  p l a t e  d e l t a  w ing  o f  76O s  eep (aspect t r a t i o  = 1) a t  11° angle of a t t a c k  and a  Reynolds number o f  35 x  10 based on 
t h e  7.3 meter r o o t  chord. Boundary l a y e r  measurements were ob ta ined  by East 
( r e f .  7 ) .  For t h i s  case, o n l y  t h e  boundary l a y e r  was c a l c u l a t e d  i n p u t t i n g  t h e  
measured sur face  v e l o c i t y  and f l o w  d i r e c t i o n .  I n  f i g u r e  1 t h e  c a l c u l a t e d  
boundary l a y e r  v a r i a b l e s  a re  compared w i t h  t h e  measurements, w h i l e  i n  f i g u r e  2 
t h e  l i m i t i n g  s t r eam l i ne  s lopes a re  shown toge the r  w i t h  a  comparison o f  t h e  
c a l c u l a t e d  and measured secondary sepa ra t i on  l i n e s .  Good agreement i s  seen i n  
b o t h  f i gu res. 
To i 1  l u s t r a t e  t h e  i n v i s c i  d / v i s c i d  f l o w  coupl ing,  we have nex t  cons idered 
t h e  low-speed f l o w  over  t h e  same f l a t  p l a t e  d e l t a  w ng a t  20.5' angle o f  A a t t a c k  and a t  a  sma l l e r  Reynolds number o f  0.9 x  10 based on t h e  0.75-meter 
r o o t  chord. Wind t unne l  t e s t s  were c a r r i e d  ou t  f o r  t h i s  case by Hummel 
( r e f .  8). Four i t e r a t i o n s  between t h e  panel method and t h e  boundary l a y e r  
s o l u t i o n s  achieved a  reasonable convergence. The r e s u l t i n g  pressure d i s t r i -  
b u t i o n  a t  two chordwise s t a t i o n s  a r e  shown i n  f i g u r e  3. Though t h e  t e s t /  
t heo ry  comparison i s  o n l y  f a i r ,  t h e  t heo ry  appears t o  have y i e l d e d  t h e  general  
e f f e c t s  o f  t h e  v iscous displacement under t h e  s u c t i o n  peak. The undes i rab le  
reexpansion near t h e  l e a d i n g  edge i s  most probably  due t o  t h e  inadequate 
p a n e l i n g  o f  t h e  f r e e  sheet ad jacen t  t o  t h e  l e a d i n g  edge. Here convergence of 
t h e  v o r t e x  s o l u t i o n  cou ld  no t  be achieved when a  more r e f i n e d  pane l i ng  o f  t h e  
f r ee  sheet was used. The agreement o f  t h e  pressures i n  t h e  i nboa rd  reg ion  
might be improved by i n c o r p o r a t i n g  t h e  f u l l  t r a n s p i  r a t i o n  v e l o c i t y  e f f e c t s .  
W i th  t h e  r e l a t i v e l y  poor exper ience w i t h  t h e  leading-edge v o r t e x  panel method, 
i t  would be d e s i r a b l e  t o  repeat  t h e  c a l c u l a t i o n s  u s i n g  t h e  E u l e r  equat ions 
w i t h  t h e  p roper  v iscous t r a n s p i  r a t i o n  v e l o c i t i e s .  
I n  f i g u r e  4 t he  l i m i t i n g  s t r eam l i ne  s lopes a re  shown. Good t e s t l t h e o r y  
agreement i n  t h e  secondary sepa ra t i on  l i n e  i s  found. Here a l s o  an o i l - f l o w  
p i c t u r e  f rom reference 8 i s  shown. It should be noted t h a t  t h e  Reynolds 
number was inadequate i n  t h e  exper iments t o  achieve n a t u r a l  t u r b u l e n t  flow. A  
r a d i a l  boundary l a y e r  t r i p  was r e q u i r e d  as shown i n  f i g u r e  4. The ca l cu la -  
t i o n s  were however c a r r i e d  ou t  assuming t h e  boundary l a y e r  t o  be f u l l y  
t u r b u l e n t ,  
PNS CALCULATIONS-SUPERSONIC MODEL- 350 FIGHTER 
The c a l c u l a t i o n s  f o r  t h e  Model-350, shown i n  f i g u r e  5, were c a r r i e d  ou t  
under a  NASA AmesIBoeing coopera t i ve  study. Other r e s u l t s  from t h i s  e f f o r t  
were presented e a r l i e r  by Dr, D, Chaussee ( r e f ,  9 ) ,  The Model-350 was 
se lec ted  s i nce  pressure d i s t r i b u t i o n  and boundary l a y e r  p r o f i l e  measurements 
were a v a i l a b l e  ( r e f ,  1 0 ) ,  
The Ames PNS code was o r i g i n a l l y  developed by L ,  S e h i f f  and J, Steger  
r e f  1 )  The PNS equat ions a re  t h e  steady t h i n - l a y e r  Reynolds-averaged 
Nav ie r lS tokes  equat ions i n  which t h e  p ressure  i s  assumed t o  be i n v a r i a n t  
across t h e  subsonic p o r t i o n  o f  t h e  boundary l aye r ,  The r e s u l t i n g  equat ions 
can be marched i n  t h e  s t r e a m i s e  d i r e c t i o n  when t h e  i n v i s c i d  f l o w  i s  
supersonic,  
The bow shock from t h e  fuse lage  nose i s  f i t t e d ,  b u t  a l l  i n t e r i o r  shocks 
a r i s i n g  f a r t h e r  downstream a re  cap tu red  as f o r  example t h e  K u t t a  shock f rom 
t h e  t r a i l i n g  edge o f  t h e  wing ( f i g .  6 ) .  P K u t t a  shock and an expansion 
f an  a r e  t h e  dominant mechanisms by which t h e  d i f f e r i n g  upper and lower  
sur face  f l ows  a d j u s t  t o  form t h e  wake. There i s  a l s o  a  weaker "Ku t t a  
adjustmeri t"  th rough  t h e  subsonic sub layer  embedding t h e  t r a i  l i n g  edge which i s  
d i s t o r t e d  by b o t h  t h e  sub layer  approx imat ion i n  t h e  boundary l a y e r  and t h e  
o v e r l a y i n g  unphysi  c a l  l y  th ickened shock ( f i  g. 6 ) .  The consequence of t h i  s  
d i s t o r t i o n  i s  l o c a l  and should no t  a f f e c t  t h e  o v e r a l l  l i f t .  
The c a l c u l a t i o  s  were c a r r i e d  o u t  f o r  a  Mach number o f  2.2 and a  Reynolds 1 number of 4.3 x  1 0  based on t h e  2.4 f o o t  mean wing chord. Angles o f  a t t ack  
of 4', l o 0 ,  14', and 18' were ca l cu la ted ,  b u t  o n l y  t h e  r e s u l t s  f o r  14O a r e  
presented. I n  f i g u r e  7 i s  shown t h e  mesh a t  a  wing s t a t i o n  generated by an 
e l l i p t i c  method. There a re  45 p o i n t s  i n  t h e  r a d i a l  d i r e c t i o n  and 91 p o i n t s  
a long  t h e  h a l f  c i rcumference. I n  f i g u r e  8 t h e  c a l c u l a t e d  p ressure  d i s t r i b u -  
t i o n s  a t  14' ang le  o f  a t t ack  a re  compared w i t h  t h e  measured d i s t r i b u t i o n s  a t  
severa l  streamwise s t a t i o n s .  Good agreement i s  seen here cons i s ten t  w i t h  t h e  
comparisons found a t  t h e  o t h e r  angles o f  a t t ack .  I n  f i g u r e  9 we compare t h e  
corresponding p i t o t  pressure p r o f i l e s  i n  t h e  boundary l a y e r  a t  severa l  
l o c a t i o n s  i n  a  streamwise cu t .  The agreement i n  t h e  p r o f i l e s  i s  reasonably 
good except  where an inadequate ly  r e f i n e d  mesh was used as a t  S t a t i o n  A. The 
inadequacy o f  t h e  mesh here becom15s ev iden t  by n o t i n g  t h e  steepness o f  t h e  
measured v e l o c i t y  g rad ien t  i n  t h e  sub layer  r e l a t i v e  t o  t h e  mesh used. The 
c a l c u l a t i o n s  have f u r t h e r  y i e l d e d  d e t a i l s  o f  t h e  p r o f i l e  as t h e  "wigg le"  a t  
t h e  fuse lage  s i d e  ( S t a t i o n  C )  and on t h e  w ing  ( S t a t i o n  G) caused by a  stream- 
wise vo r t ex  which was de tec ted  f rom t o t a l  p ressure  and v o r t i c i t y  maps. Thus 
t o  improve t h e  o v e r a l l  t e s t l t h e o r y  match o f  t h e  p i t o t  p r o f i l e s ,  one must 
r e f i n e  t h e  mesh i n  t h e  sublayer,  perhaps i n s e r t i n g  a  w a l l  f u n c t i o n  t o  moderate 
t h e  r e s u l t i n g  computer cost.  
I n  f i g u r e  1 0  t h e  streamwise v o r t i c i t y  and Mach number contours  i n  a  
t r ansve rse  p lane  a t  a  wing s t a t i o n  a re  shown, w h i l e  i n  f i g u r e  11 t h e  co r re -  
sponding t r ansve rse  v e l o c i t y  vec to r  map i s  given. Here t h e  fuse lage  and wing 
v o r t i c e s  a re  ev iden t .  It i s  f u r t h e r  seen t h a t  t h e  separa t ion  on t h e  w ing  
o r i g i n a t e s  no t  a long  t h e  l e a d i n g  edge b u t  a t  f a r t h e r  downstream po in t s .  
CONCLUDING REMARKS 
Two l e v e l s  o f  computing t h e  v iscous v o r t i c a l  f l ows  over  d e l t a  wing c o n f i g -  
u r a t i o n s  a t  l a r g e  angles o f  a t t ack  were demonstrated, In t h e  f i r s t ,  t h e  
boundary l a y e r  method was used t o  determine t h e  v iscous displacement e f f e c t s  
of t h e  secondary separa t ion  over  a f l a t  p l a t e  d e l t a  wing a t  low speeds. Here 
t h e  equ i va len t  i n v i s c i d  f l o w  c o n t a i n i n g  t h e  p r imary  separa t ion  v o r t i c e s  was 
caScuSated us ing  t h e  leading-edge vor tex  panel method w i t h  the  separat ion l i n e  
f i x e d  a long the  lead ing  edge, The r e s u l t s  i n d i c a t e d  t h a t  t h e  formulat ion o f  
t he  boundary l a y e r  problem i n  the  d i r e c t  mode and t h e  s o l u t i o n  procedure were 
sound f o r  t he  secondary s q a r a t i o n  bu t  the  leading-edge vor tex  panel method 
f o r  t he  equ iva len t  i n v i s c i d  f l ow  was inadequate, Here the  s u b s t i t u t i o n  o f  the  
Eu ler  code w i t h  p rov is ions  fo r  viscous t r a n s p i r a t i o n  v e l o c i t i e s  would be de- 
s i rab le .  The d i r e c t  mode i n v i s c i d / v i s c i d  f l o w  coup l ing  d i d  not  o f f e r  any 
d i f f i c u l t i e s ,  
I n  t h e  more complicated case o f  t h e  Model-350 f i g h t e r  a  more g loba l  
approach w i t h  the  PNS method was used. Reasonable tes t / t heo ry  match was 
obta ined f o r  t he  surface pressure d i s t r i b u t i o n s  and fo r  t h e  boundary l aye r  
p i t o t  pressure p r o f i l e s  when an adequately r e f i n e d  mesh was used. Remarkably 
t h e  a1 gebraic  Baldwi n/Lomax turbulence model ( b a s i c a l l y  t h e  two- layer  Cebeci / 
Smith model) cont inues t o  be a  v iab le  framework t o  t r e a t  complex viscous f lows 
as t h e  present one. There c l e a r l y  i s  no immediate need t o  t u r n  t o  more funda- 
mental, though not  necessari l y  more accurate, t ranspor t  equat ion models t h a t  
g r e a t l y  increase the  computer time. 
The more w ide ly  recognized advantage of t he  PNS method r e l a t i v e  t o  the  ARC 
3D method i s  t he  g rea t l y  reduced computing t ime due t o  the  reduct ion  o f  an 
unsteady problem t o  a  steady one. A l ess  obvious though a  more important  ad- 
vantage f o r  complex conf igura t ions  as t h e  Model -350 w i t h  nace l les  and a f t  
s t a b i l i z i n g  surfaces i s  t he  r e s u l t a n t  s i m p l i f i c a t i o n  o f  t h e  mesh generat ion 
from a  30 t o  a  2D problem. 
These s i  gni f i c a n t  advantages must be weighed against  t h e  shortcomings o f  
the  PNS method which preclude reversed flows and d i s t o r t  t he  e l l i p t i c  i n f l u -  
ence mechanism through t h e  t h i n  subsonic p o r t i o n  of t he  boundary layer .  The 
consequences o f  the  l a t t e r  however should no t  be of s i  gni f icance except where 
abrupt streamwise con f i gu ra t i on  slope changes ar ise,  as a t  t he  l ead ing  edge o f  
the  wing roo t  sec t ion  o r  along the  wing t r a i l i n g  edge, where l a r g e  streamwise 
pressure gradients as shock waves are  produced. Here t h e  upstream in f l uence  
through t h e  subsonic p o r t i o n  of the  boundary l a y e r  w i l l  be l o c a l i z e d  f o r  t u r -  
bu len t  f lows i n  t he  absence of separat ion. 
The experience w i t h  the  two l e v e l s  of t r e a t i n g  viscous v o r t i c a l  f lows 
suggests genera l l y  t h a t  t he  g lobal  approach w i t h  the  Navier/Stokes method 
i s  t he  s impler  more s t ra igh t fo rward  method f o r  t he  user. Computer costs, 
p a r t i c u l a r l y  w i t h  the  ARC 3D code, w i l l  cont inue t o  be a  s i g n i f i c a n t  issue f o r  
some time. The boundary l aye r  method w i l l  thus have i t s  r o l e  o f  t r e a t i n g  t h e  
s imp ler  separated f lows as those considered herein. 
F i n a l l y  we would l i k e  t o  express our g r a t i t u d e  t o  D r .  L. Sch i f f  and Dr. D. 
Chaussee o f  NASA/Ames fo r  i n d o c t r i n a t i n g  us on the  PNS code. 
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